A method for the minimax design of quadrantally symmetric 2-D IIR filters with guaranteed stability is proposed. The design problem is solved by formulating an objective function in the semidefinite programming framework using a linear approximation for the transfer function. The issue of filter stability is addressed by converting the stability constraints into linear matrix inequalities based on the wellknow Lyapunov stability theory.
INTRODUCTION
A great deal of research on the design of one-and twodimensional (1 -and 2-D) digital filters has been carried out in the past [1]- [3] . The design of 2-D IIR filters presents two additional challenges over and above the design of 2-D FIR filters. First, while 2-D FIR filters are inherently stable, the stability of 2-D IIR filters is fairly difficult to formulate in a manner suitable for constrained optimization. Second, since the transfer functions of IIR filters are rational functions, the degree of nonlinearity involved in their design by optimization is considerably higher than that for FIR filters.
In this paper, we develop a method for the minimax design of IIR quadrantally symmetric 2-D filters with guaranteed stability. The method is essentially a sequential minimization algorithm and is as follows. At the lcth iteration a linear approximation for the transfer hnction is obtained using its Taylor expansion. In this way, an objective function can be deduced which is an upper bound of the approximation error in the frequency range of interest. The objective hnction is then minimized subject to several constraints. These constraints include a stability constraint and constraints on the filter's maximum passband ripple and minimum stopband attenuation. The stability constraint is converted into a linear matrix inequality (LMI) and it is shown that each iteration of the design can be performed using semidefinite programming (SDP). A design example is included to illustrate the proposed method. Denote vector x in the lcth iteration as X k and the frequency response of the filter for x = X k as H(ej"1, ejwz, X k ) . In the vicinity of x k , the design variable can be expressed as
LINEAR APPROXIMATION FOR TRANSFER FUNCTION
As in the approach used in [4] for the I-D case, the frequency response can be approximated in terms of a linear function of 6 as
where g k is the gradient of H(ej"1, ejwz, x ) for x = X k , . . xnIT, respectively.
DESIGN ALGORITHM

Semidefinite Programming
An SDP problem can be formulated in several ways. For the purpose of filter design, the formulation minimize cTx subject to
where c E R n x l , Fi E Rnxn for 0 5 i 5 n are constant matrices with Fi symmetric, and F(x) k 0 denotes that F(x) is positive semidefinite turns out to be convenient. Note that the constraint matrix is a@ne with respect to x and that SDP includes both linear and convex quadratic programming as special cases. More importantly, many interior-point methods that have proven efficient for linear programming have recently been extended to SDP [SI- [7] .
Efficient and user-friendly software implementations of various SDP algorithms are available, for example, the LMI Control Toolbox [8], which works with MATLAB.
Problem Formulation
The minimax design can be obtained as the solution of the constrained optimization problem 
Stability Constraints
The stability constraint in (1Oc) needs appropriate treatment to make it tractable for numerical optimization. is an SDP problem of size 1 + T + 0.5(n + l)(n + 2).
Design Steps
Given the order of the IIR filter (n, r ) and the desired frequency response Hd(W1, wa), the proposed design method starts with an initial point xo that corresponds to a stable design obtained using a conventional method. For example, one can design an FIR filter of order n to approximate Hd(W1, w2) and simply set A(z1) z 1 and A(z2) 1 as the initial design. With this XO, a positive definite matrix P can be obtained by solving the Lyapunov equation in (1 5), and quantities G k , q k , and Ck can be evaluated by using ( 5 ) and (8). Next the SDP problem in (14) is solved. The solution obtained 8* = [p* 6*T]T can be used to update xo to x1 = xo + 6*. The iteration continues until I16* 11 is less than a prescribed tolerance E .
A DESIGN EXAMPLE
The proposed method was applied to design several types of 2-D IIR filters, including circularly symmetric lowpass, highpass, and bandpass filters, and diamond-shaped lowpass filters. The design example presented here is a diamond- The amplitude response and the passband group-delay characteristic are depicted in Fig. 1 . From the figure, it is observed that an approximately equirriple frequency response with an approximately constant passband group delay have been achieved. The passband ripple was found to be 0.03 12 dB and the stopband attenuation was 36.05 dB. The maximum pole magnitude was 0.8661. 
CONCLZJSION
A method for the minimax design of IIR 2-D digital filters has been presented. The method is based on a sequential application of minimizing a linear approximation of the objective function using SDP. It has been demonstrated that: the algorithm converges quickly to a solution and yields a filter with satisfactory performance anld guaranteed stability.
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